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The shape of the melting line of the Wigner crystal is discussed in the temperature-density plane.
It is argued that near the critical density.p* for the Wigner transition at T’ = 0 the melting curve
has the form

T (pﬁ _ p)uz.

For extreme low densities, on the other hand, the melting curve has as its asymptote the
classical plasma melting line

T=17x10"%p"%: (pin units of 10'8 cm™?)

It seems that there should be a single maximum in the melting curve. The classical plasma line
should provide an upper bound for the melting temperature, but is a poor bound away from the
low density limit.

1 INTRODUCTION

The crystallization of degenerate electrons in a uniform positive back-
ground was argued to occur because of the mutual Coulomb repulsion,
beyond a certain coupling strength, by Wigner.! Most attention has been
focussed on the critical density p* for the transition at T = 0. Even here,
however, a wide spread of estimated values exists.?

That such crystallization occurs in the classical electron plasma was
first demonstrated in a machine experiment by Brush, Sahlin and Teller.?
They showed that when the ratio of the potential energy per particle e2/r, to
the thermal energy k, T exceeded a certain value, crystallization occurred, as
discussed also by Pollock and Hansen.*

Tt Supported by CNPq and Depto de Fisica da UFPE (Brazil).
153



08:56 28 January 2011

Downl oaded At:

154 A. FERRAZ, N. H. MARCH, AND M. SUZUKI

In this note, we shall give a semi-quantitative discussion of the melting
line of the Wigner crystal and in particular we shall exhibit a relation between
the melting curve and the classical plasma crystallization referred to above,

2 LOW DENSITY LIMIT

We can argue that the melting curve must take the form

T = fip('—‘) (1)

rs ao

a, being the Bohr radius */me?, while r_ is the usual interelectronic spacing,
related to the density p by

3
= @

p= 4nr;

Eqgs. (1) and (2) show that h?p!/? appears in the function F and therefore that
as p — 0, Planck’s constant also disappears from the problem.
Thus, the classical result for the critical ratio I for crystallization

eZ

(3
referred to above becomes the asymptote to the melting line (1) in the limit
p — 0, that is from (3) the asymptote to the Wigner melting curve is

T =17 x 1075p!? C))

and thisis shown in Figure 1. We can say that the low density-low temperature
form (4) of the melting curve is characteristic of electrons which are classical.

3 BEHAVIOUR NEAR CRITICAL DENSITY p*

We turn now to the behaviour near the Wigner transition density p*at T = 0.
Along the transition line the equilibrium condition between the two phases is
given by F,(p, T) = F,(p, T) where F is the Helmholtz free energy. Thus

E.(p,8) — TS, =Ep,S)—TS,, &)
where the subscripts m and w refer to the metal and Wigner phases re-
spectively.

AsT—0
S, = Tf(p) ©
and

S, ~ const T3 )
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FIGURE 1 (1) Low density form of Classical plasma melting curve T’ = 1.7 x 1073 p'/3,

(2) “Degeneracy curve” T = 1.1 x 107! p?/* along which the thermal de Broglie wavelength
equals the interparticle spacing.

due to electron and phonon excitations respectively. Therefore in the neigh-
bourhood of the Wigner transition pointat T = 0, p = p*

OE,,
E.(p* So) + (p — p*)a—p (p*, So) — E(p*, Sp)

E
—(p - P*)%‘l(p*, So) = T*f(p*) - (8)
p
Hence,
JE JoE
—(p — p% [a—p‘" (0%, So) ~ —ap—"‘ (p*, So)] ~ T?f(p*) 9)

Thus we find a melting curve shown schematically in Figure 2, with

T o (p* ~ p)''2, (10)
near T =0, p = p*.
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FIGURE 2 Schematic form of melting curve of Wigner crystal. Note

i) low density asymptote ap!'? (broken curve)
it) vertical slope at p*.

T is expected to be but a small fraction of the classical (upper bound) curve.

4 SUMMARY

We believe that the classical melting line (4) is both an asymptote to the
melting of the Wigner crystal at low densities and is also an upper bound.
However, the bound will become very poor at temperatures such that the
thermal de Broglie wavelength A ~ r,: this condition A = r, being shown in
Figure 1. The two curves shown cross around 25°K and marked departures
from the asymptote will occur before that point as depicted in Figure 2.
We expect that the maximum melting temperature will be quite low, perhaps
in the helium range, but this is not established by our arguments. However,
these make clear that the general shape of the melting curve is as in Figure 2.
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